Abstract-In this paper, a novel technique for cascading generalized scattering matrices based on a Krylov's iterative solver is presented. This new technique is fully general, since it can be applied to solve the connection of an arbitrary number of networks, each one with an arbitrary number of ports, and it is easy to implement. This technique is able to compute, not only the modal spectra at the free ports of the global network, but also the modal spectra at the connected ports, so that the field inside the full network can be computed for an arbitrary incidence. In addition, this technique can also be used to evaluate the scattering parameters of the global network.
I. INTRODUCTION
T HE traditional approach for the cascade connection of generalized scattering matrices (GSMs) [1] , [2] was first studied in the late 1950s and early 1960s. First, the cascade of two two-port devices was solved and, almost at the same time, Redheffer [3] developed a special matrix product (in nonstandard notation), known as "star" product, which can be used to cascade the GSMs of two -port devices connected through ports. Next, Kaplan and Stock [4] , [5] demonstrated that this "star" product was useful to solve the general case, that is, the cascade connection of two devices with an arbitrary number of ports, for example and respectively, and also an arbitrary number of connections, for example . Besides, there are other ways of computing the cascade connection of two multiport devices other than this "star" product. For instance, one can use methods based on signal flow analysis [6] , or one can force the equality between reflected and incident waves at the connected ports [7] , which is a technique that we will use in this paper to pose the initial system of equations which we will then solve by using a Krylov's iterative solver [8] , [9] . A short review of these approaches can be read in [10] . Moreover, some efforts have been recently made in order to be able to connect -parameter networks in a multilayer printed circuit board [11] . The cascade connection of GSMs has been and is still widely applied to the efficient modeling of high-frequency devices. These devices are divided into simple building blocks (e.g., steps, resonators, and lines), and then the GSMs of each building block are obtained. Next, the cascade connection of the GSMs of all of the building blocks is iteratively calculated by pairs so that the GSM of the whole structure is finally found. Recent examples of the practical application of this procedure can be read in [12] - [14] . This cascading procedure will be briefly summarized in the next section, and, if we take a look at (3)- (6) , it has a cost of operations, where the number of modes considered for each port. This cost is very low, and this is the reason why this technique is commonly employed in the characterization of a wide range of microwave devices.
Unfortunately, the traditional cascading approach ignores the connected ports. Once the cascading is complete, the modal response at the connected ports cannot be obtained. Or in other words, the connected network is completely characterized from the outside but the inside is now unknown. However, under many circumstances, it is desirable to know the internal response of the device. This could be of great interest, for example, if undesirable effects, like multipactor or corona discharge, have to be studied. In this case, if the internal response of the network was known, the fields could be recovered inside the connected network and these undesirable effects characterized.
Therefore, in this work, we propose an efficient strategy to compute the GSM of the general cascade connection of an arbitrary number of devices with an arbitrary number of ports and connections, which is, at the same time, able to provide, for an arbitrary incidence, the modal weights, not only at the free ports, but also at the connected ones. This technique is comparable, in efficiency, to the traditional cascading-by-pairs approach due to the fact that we have used a Krylov's iterative solver to find the solution and, besides, it can be used to compute the field inside the connected network for an arbitrary incidence.
II. CASCADING-BY-PAIRS APPROACH
At this point, we will briefly summarize the traditional approach for the cascade connection of two devices with an arbitrary number of ports.
0018-9480/$31.00 © 2012 IEEE Let us suppose that we have an arbitrary device, for example, device , with ports, of which will be connected to other devices. Considering modes for the th port of this device, the total number of modes studied for device would be . This device can be completely characterized if its generalized scattering matrix (GSM) is found. This matrix, whose size is , relates the weights of the incident modes to the weights of the reflected modes [1] (1) where and are the weights of the incident and reflected modes, respectively.
First of all, it is necessary to reorder the rows and columns of the GSM so that we can distinguish two sets of parameters, those belonging to the free ports and those belonging to the connected ports. After doing that, we can divide the GSM of device into four blocks, and (1) can be rewritten as (2) where and are, respectively, the incident and reflected modal weights at the free ports and whose size is , and and are, respectively, the incident and reflected modal weights at the connected ports and whose size is . If, similarly, we reorder and group the parameters for a second device, for example, device , the blocks of the cascade connection of devices and can be computed applying [5] , [10] (3) (4) (5) (6) where and the GSM of the whole resulting network is (7) III. KRYLOV-BASED CASCADING PROBLEM Considering that we have an arbitrary device , characterized by its GSM (1), some auxiliary matrices are going to be defined. If or is an identity matrix of size , and a null matrix of size , we can define the two following auxiliary matrices for that device :
where is of size and
The auxiliary matrix is very useful, because it can be used to get the modes of the th port easily (10) where are the weights of the incident and reflected modes through the -th port respectively.
Let us suppose that another device exists, for example the device , and that we have considered the same number of modes for the -th port of device as for the -th port of device , that is . In this case, the following auxiliary matrix will be very useful: (11) This matrix, whose size is , can be used to get the modal weights of the th port of device and place them in a vector of size in the position of the modal weights of the th port of device .
Finally, let us suppose that we connect the th port of device to the th port of device . By connecting both ports, the reflected modes of the th port of device will become the incident modes of the th port of device , and vice versa. Thus, the following equations can be written:
However, we have to carefully analyze these equalities. We will be able to interchange the modal weights if and only if the reference system used to expand the modes is the same for both connected ports. If the reference systems are not the same, we must change one weight set so that we obtain new weights in terms of the proper reference system. Unfortunately, this is the most common situation.
When the GSM of a given device, for example, device , is computed, the most extended criterion is to choose progressive waves (towards propagation) for the incident waves and regressive waves (towards propagation) for the reflected waves . It is clear that, when two ports are connected, e.g., the th port of device and the th port of device , both waveguides become the same (see Fig. 1 ). In this case, we can say that and are modes propagating towards the same direction inside the same waveguide. However, the modes of are formulated in terms of progressive waves, towards propagation, while the modes of are formulated in terms of regressive waves, towards propagation. The conclusion is then clear: for the modes of is different from for the modes of . In short, the reference systems used to expand the modes are different, so we cannot directly compare both modal sets (see Fig. 1 ).
However, if we take a look at Fig. 1 , we can see that when the waveguide is symmetric along , as it is in the picture, the modes are also symmetric along this dimension. The rectangular waveguide is a good example where all the modes have even or odd symmetry with respect to . When the symmetry is even (i.e., and with odd ), the modes are identical no matter which reference system of Fig. 1 is used. In this case, the modal weights can be directly assigned. On the contrary, if the symmetry is odd (i.e., and with an even ), the modes are also identical but with opposite sign in each reference system. Therefore, (12) and (13) need to be rewritten for a rectangular waveguide, in order to adjust one of the modal sets, for example .
For a rectangular waveguide, a diagonal conversion matrix can be defined, whose elements will be if the corresponding modal weight belongs to a mode with an even , and 1 otherwise. Equations (12) and (13) should be then rewritten as (14) (15) where and are the diagonal matrices already mentioned. These diagonal matrices are identity matrices in case the lines feeding the device to be connected are asymmetric and the polarity of the modes appropriately defined. Now, since the GSMs of each device are known, we have that (16) and (17) Equation (16) for device can also be written as (18) and then, applying (15) to (18), we obtain (19) The same can be done for device and (17) and (14) to yield (20) (21) Equations (19) and (21) form a matrix system that can be used to find the weights of the reflected modes at every port, even at the connected ones, for a given incidence. Furthermore, we can simplify these equations if we multiply (19) and (21) by and , respectively, to yield
where is a matrix of size whose elements are . . .
and is a matrix of size which can be computed applying (24) if and and, at the same time, and , are interchanged.
Finally, at this point, a completely general situation can be analyzed. We will consider devices, , every device connected to others through one or more ports. In this case, we could define as the set of connected ports for device . We could also define the set of connections , composed by the pairs which satisfy that the th port of device is connected to the th port of device . By using both sets, a generalization of (22) Solving (25) for all of the devices will allow us to obtain not only the response of the whole connection for a given incidence, but also the response or modal weights at the connected ports.
IV. COMPUTATIONAL COST
The system of equations obtained from (25) can be written in matrix form as (28) where the matrix of coefficients is a highly sparse matrix
because the main diagonal blocks are also diagonal matrices and the rest of blocks, , are mainly null matrices, and the few which are not null are highly sparse [see (24) and (27)].
This high sparsity is the reason why we will solve this equation system using Krylov's iterative method [8] , [9] instead of other traditional methods for solving equation systems [15] . These iterative solvers can find the solution of (28) by applying an algorithm which iteratively converges to the wanted solution, where the most time-consuming operation in every iteration is the product of the coefficients matrix by an arbitrary vector of appropriate size. Thus, this will be the key operation in order to estimate the cost of solving (28). In this work, a null vector has been used as initial guess for vector .
First, we will try to evaluate the cost of multiplying a row of , for example, row , by a certain unknown vector . This cost will depend directly on the number of connected ports. For every connected port, for example, the th port, a matrix of size must be multiplied by a vector of size [see (24) ]. This product represents a cost equal to operations.
Therefore, if we define as the number of connected ports of device , the full cost of computing the product of the th row of by the corresponding unknown vector will be equal to operations, where the number of modes of each port has been supposed to be the same, i.e., . Now, considering the rest of devices, we can say that the cost of computing the target matrix-vector product will be (30) Then, if we replace by , we obtain (31)
Finally, using the biconjugate gradients stabilized method (Bi-CGSTAB) [16] , [17] to solve (28), the cost of solving it is (32) where is the number of iterations required by the Bi-CGSTAB to converge to the wanted solution. We have also considered that this algorithm computes the analyzed matrix-vector product twice per iteration.
We can conclude that the cost remains around a reasonable value. On the one hand, the traditional approach, i.e., a recursive cascade of the GSMs by pairs [3] - [5] , [10] , would have a cost of operations [see (3)- (6)]. On the other hand, the computational cost for the technique presented in this paper [see (32)] is . Therefore, for a reasonable value of , the technique proposed can be comparable to the multimodal implementation of the traditional approach, or even faster, but with the advantage of having the network fully characterized also at the connected ports.
V. RESULTS
Here, a particular multiport network is studied so that the new method is verified. An H-diplexer, whose dimensions can be found in [18] , has been chosen for this verification task. The layout of the H-diplexer is shown in Fig. 2 .
In order to perform the whole analysis of the H-diplexer, first the GSM of each building block has been obtained, and then the whole connection has been performed with the new iterative cascading method. The individual GSMs of the waveguide sections have been analytically calculated, those of the steps have been obtained using mode-matching [19] , and, finally, the GSMs of the T-junctions have been found using a mode matching analysis technique for arbitrarily shaped structures [20] . Considering 20 modes at each port and analyzing 301 frequency points, 49.8548 s have been necessary to obtain the GSMs of all of the building blocks of the H-diplexer, and just 2.8222 s to perform the whole connection 301 times (one per frequency point). Since the whole network has 51 ports 3 free 48 connected ports , we can approximate that the computational cost of the cascading method is 183.85 s per port and per frequency point.
Furthermore, Fig. 3 shows the comparison between the global -parameters obtained by the new iterative cascading method and the ones obtained by the FEST3D commercial software [21] , which is a very efficient commercial software for the accurate analysis of passive components based on waveguide technology, and we see that both responses match almost perfectly. However, the main advantage of this new cascading method is that, besides being accurate and very efficient, it not only provides the response of the whole structure for a given incidence, but also the modal weights at the connected ports. This fact enables us to obtain the fields inside the different blocks of the network as summations of incident and reflected modes in the different points of a mesh, as seen in Fig. 4 , where the electric field magnitude has been obtained and represented at the central bandpass frequencies of both filters, respectively.
As mentioned in the introduction, obtaining the field inside the device is necessary on many occasions, for instance, in order to characterize undesirable effects such as multipactor. Fig. 4 is very helpful to identify the "hot spots" for multipactor [22] . We see that the three central cavities of Filter 1 and the two central ones in Filter 2 are the main candidates for multipactor discharge in their respective transmission bands. In this example, the multipactor analysis 1 shows that the elements with the lowest multipactor power threshold (critical elements) are the central cavity of Filter 1, which has a power-handling capability of 9375 W at the higher frequency of its transmission band (11.37 GHz), and the second cavity of Filter 2, whose power-handling capability is 7875 W at its lower transmission frequency (11.52 GHz).
A. Studying Other Cascading Possibilities
If we ignore the simplest case of cascading two-port devices [2] , [14] , the cascading-by-pairs approach is hard to implement for multimodal and multiport devices since, after each individual connection, successive mode reordering procedures are necessary (see Section II). Still, we have also performed this cascading procedure, and it has taken 1.3775 s to perform the whole connection, obtaining exactly the same global -parameters as in Fig. 3 , which demonstrates the accuracy of the new method. It also shows that the fact that the new Krylov-based cascading approach enables us to reconstruct the field inside the network does not significantly increase the cascading computational cost.
We have considered yet another cascading possibility: a modification of the intermediate expressions used in the cascading-by-pairs approach, so that we could introduce some new scattering matrices that would allow us to obtain the modal weights at the connected ports, but without needing any Krylov's iterative solver. Briefly, the definition of three types of matrices is necessary: one to compute the modes emerging through the connected ports of one device in response to an arbitrary incidence against its free ports, one to compute the emerging modes through the connected ports of one device in response to an arbitrary incidence against the free ports of other device , and one that computes the emerging modes through the connected ports of device in response to an arbitrary incidence against the free ports of device . By using these matrices, we can compute the response of the network inside the connected ports in response to an arbitrary incidence at the free ports.
This modification of the cascading-by-pairs approach so that an extended GSM is obtained has been also applied to the analysis of the H-diplexer. Once again, as expected, the global response is the same as the one obtained with the method presented (see Fig. 3 ), but the cascading time is ten times higher: 27.5076 s (1.8 ms per port and per frequency point, against the 183.85 s needed with the iterative procedure here proposed). This is to reinforce the efficiency of the procedure here presented against other possibilities, also considered by us, for obtaining the same kind of results.
VI. CONCLUSION
A technique to efficiently cascade an arbitrary number of devices with an arbitrary number of ports has been presented. This technique is fully general and can be used to compute the response of the connected network to a given incidence and also to obtain its GSM if the excitations are properly chosen.
The fact that this procedure allows us to obtain the modal weights also at the connected ports enables us to reconstruct the field inside the network and, for example, study undesired effects as multipactor or corona discharge.
It is worth highlighting that the cost remains around an admissible value. For a reasonable number of iterations, the technique proposed can be even faster than the multimodal implementation of the traditional cascading-by-pairs approach.
Finally, the precision of the technique has been tested. In order to do so, in Section V, an H-diplexer has been analyzed by solving the cascading of the different constituent blocks, and successfully compared with results obtained with commercial software. The efficiency and advantages of this new procedure have also been proved. 
